We present a numerical lattice quantum chromodynamics calculation of isovector form factors and the first few moments of the isovector structure functions of the nucleon. The calculation employs two degenerate dynamical flavors of domain-wall fermions, resulting in good control of chiral symmetry breaking. Non-perturbative renormalization of the relevant quark currents is performed where necessary. The DBW2 gauge action is used to further improve the chiral behavior while maintaining a reasonable physical lattice volume. The inverse lattice spacing, a −1 , is approximately 1.7 GeV. Degenerate up and down dynamical quark masses of approximately 1, 3/4 and 1/2 times the strange quark mass are used. The physical volume of the lattice is about (1.9 fm)
I. INTRODUCTION
In this paper we report numerical lattice quantum chromodynamics (QCD) calculations of the isovector form factors and moments of the isovector structure functions of the nucleon on gauge field configurations with two degenerate flavors of dynamical domain-wall fermions (DWF) [1, 2, 3] generated by the RIKEN-BNLColumbia (RBC) Collaboration.
Four isovector form factors parameterize neutron β decay: the vector and induced tensor form factors from the vector current,
and the axial and induced pseudoscalar form factors from the axial current, p|A + µ (x)|n =ū p γ µ γ 5 g A (q 2 ) + iq µ γ 5 g P (q 2 ) u n e iq·x ,
which are given here in the Euclidean metric convention. Thus, q 2 as used in this paper stands for Euclidean four-momentum squared, and corresponds to the timelike momentum squared as q 2 M = −q 2 < 0 in Minkowski space. We also note a slight change in the sign convention of the pseudoscalar form factor from our earlier publications, such as Ref. [4] . Here q = p n − p p is the momentum transfer between the proton (p) and neutron (n). In the limit | q| → 0, the momentum transfer should be small because the mass difference of the neutron and proton is only about 1.3 MeV. This makes the limit q 2 → 0, where the vector and axial form factors dominate, a good approximation. Their values in this limit are called the vector and axial charges of the nucleon: g V = g V (q 2 = 0) and g A = g A (q 2 = 0). Experimentally, g V = cos θ C (with the Cabibbo mixing angle θ C ), and g A = 1.2695(29) × g V [5] .
These form factors are calculable on the lattice [6, 7, 8, 9, 10, 11, 12, 13] but quite often are prohibitively complicated if one uses conventional staggered or Wilson fermions. The staggered fermions, with their complicated flavor/taste structure, make even definition of baryon operators difficult. The Wilson fermions make the necessary current renormalization complicated due to large explicit violation of chiral symmetry. The domain-wall fermions (DWF) [1, 2, 3, 14] , with their exponential suppression of chiral symmetry breaking, make such renormalizations easy. In particular, currents that are connected by chiral transformation such as vector and axial ones should share the same renormalization. Thus, the ratio g A /g V is naturally renormalized in DWF lattice calculations [4] .
Earlier (mostly quenched) lattice calculations [15, 16, 17] of this ratio gave significant underestimations by up to 20%. In a quenched calculation with DWF we found much of this deficit comes from the small lattice volumes employed in those earlier studies [4] . With the sufficiently large lattice volume of about (2.4 fm) 3 used in our quenched calculation with DWF and the improved DBW2 gauge action [18, 19] , we observed that the ratio does not depend strongly on the quark mass and obtained a value of 1.212 ± 0.027(stat) ± 0.024(norm) in the chiral limit. The value is almost consistent with experiment, and combined with the very weak dependence on the quark mass, does not require any chiral extrapolation but a linear one in quark mass. Thus an obvious question arises: do these observations hold when the quarks are treated dynamically?
There has been recent interest in the pseudoscalar form factor, g P (q 2 ), due to the MuCap Collaboration's new high-precision experiment studying ordinary muon capture (OMC) by protons, µ − p → ν µ n [20] . The OMC experiments determine the induced pseudoscalar coupling g P = m µ g P (q 2 ) at q 2 = 0.88m 2 µ , where m µ is the muon mass. The new experiment yields g P = 7.3±1.1, which is consistent with the value predicted by chiral perturbation theory, g
ChPT P = 8.26 ± 0.16 [21] , but much smaller than the last world average for OMC, (g OMC P ) ave = 10.5 ± 1.8 given in Ref. [22] , and the value from a single experiment of radiative muon capture (RMC), µ − p → ν µ nγ, g RMC P = 12.4±1.0 [23] . Recently, a quenched DWF calculation [6] reported a result, g P = 8.15 ± 0.54(stat) ± 0.16(norm), consistent with the MuCap experiment. It is interesting to see what value is obtained in a n f = 2 dynamical DWF calculation.
In this paper we also report on this form factor, g P (q 2 ). It is the induced part of Eq. (2) , directly related to the pion-nucleon coupling, g πN N , which should satisfy m N g A = F π g πN N ; at finite momentum transfer,
with a more traditional convention of F π = f π / √ 2 ∼ 92 MeV. These should hold up to residual dependence on the momentum transfer q 2 ; the pion-nucleon coupling at high momentum transfer may significantly differ from its value near zero momentum transfer. On the lattice there may also arise some corrections from the finite lattice volume.
Since we study the dependence of these form factors at relatively low momentum transfer, we can try to extract corresponding mean square radii, r [24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35] , the cross section of which is factorized in terms of leptonic and hadronic tensors:
The leptonic tensor is known to be
Hence, the cross section provides us with structure information about the target nucleon through the hadronic tensor, W µν , which is decomposed into symmetric unpolarized and antisymmetric polarized parts:
ν = q · P , S 2 = −M 2 , and x = Q 2 /2ν, and Q 2 = |q 2 |. The unpolarized structure functions are F 1 (x, Q 2 ) and F 2 (x, Q 2 ), and the polarized, g 1 (x, Q 2 ) and g 2 (x, Q 2 ).
Their moments are described in terms of Wilson's operator product expansion: 
where c 1 , c 2 , e 1 , and e 2 are perturbatively known Wilson coefficients and x n q (µ), x n ∆q (µ) and d n (µ) are calculable on the lattice as forward nucleon matrix elements of certain local operators.
Again, the conventional staggered or Wilson fermions would complicate such lattice calculations for the same reasons as discussed for the form factors. The DWF calculations are simpler because of easier renormalizations due to good chiral symmetry. In particular the first moments x u−d (quark momentum fraction) and x ∆u−∆d (quark helicity fraction) share a common renormalization, and so their ratio is naturally renormalized in DWF calculations [36] .
During the last few years lattice computations have provided many interesting results for these structure function moments [4, 7, 8, 17, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56] , in both quenched and full QCD. These calculations provide first-principles values for the moments of structure functions at leading twist. One of the major unresolved issues in these previous calculations is significant overestimation of the moments x u−d and x ∆u−∆d compared with results from fits to the experimental data [17, 36, 38, 48] . In our quenched calculation [36] of these quantities we encountered similar overestimations. Interestingly, however, the ratio of these quantities, x u−d / x ∆u−∆d showed very weak dependence on the quark mass and agreed well with the experimental ratio in the chiral limit. Again an obvious question is whether this behavior survives when the quarks are treated dynamically.
We address these questions with a lattice QCD calculation using two degenerate dynamical flavors of domainwall fermions and DBW2 rectangle-improved gauge action [57] . Three bare sea quark masses of 0.02, 0.03 and 0.04 in lattice units (corresponding to pion masses of about 0.5, 0.6 and 0.7 GeV) are used with about 200 gauge configurations each. The lattice cutoff is a −1 ∼ 1.7 GeV, and the spatial volume is about (1.9 fm) 3 . The lattice cutoff is sufficiently high to allow us to take advantage of various benefits of DWF such as good chiral and flavor symmetries in performing fully-nonperturbative renormalization for our nucleon observables. Unlike our past quenched calculations [4, 36] which did not show significant dependence on quark mass in most of the observables, we sometimes observe significant deviations at the lightest quark mass from the heavier quark mass results. The pion mass times lattice extent, m π L, is slightly less than 5 at the lightest quark mass, which may be problematic for calculations involving a large hadron such as the nucleon. We must therefore perform quark-mass extrapolation on a case-by-case basis and with great caution.
The rest of the paper is organized as follows. In Section II, we first briefly summarize the numerical ensembles used in the calculation. Then we discuss the choice of nucleon source and sink and the operators used to calculate the form factors and moments of the structure functions. Finally we briefly summarize the numerical nonperturbative renormalization methods. In Section III we begin with discussion of the form factors at zero momentum transfer. We show the conservation of the isovector vector current is under good control and then give an evaluation of the nucleon axial charge. Then we discuss momentum dependence of various form factors. In particular the Dirac mean-squared charge radius is extracted. The Goldberger-Treiman relation is shown to hold and provides an estimate of the pion-nucleon coupling. Finally, we describe our calculations of some low moments of the structure functions. We summarize our conclusions and future plans in Section IV.
II. NUMERICAL METHOD
We use DWF lattice ensembles generated by the RBC Collaboration [57] . These were generated with two degenerate flavors of dynamical quarks described by the domain-wall fermion [1, 2, 3, 14] action and gluons described by the doubly-blocked Wilson (DBW2) gauge action [18, 19] . There are three such ensembles with sea quark masses of m sea = 0.02, 0.03, and 0.04 in lattice units, which respectively correspond to about 1/2, 3/4 and 1 times the strange quark mass, or degenerate pseudoscalar meson masses of about 500, 600 and 700 MeV. The inverse lattice spacing is about 1.7 GeV, set from the ρ-meson mass, yielding a physical volume of (1.9 fm) 3 . We study nucleon matrix elements using quark propagators obtained with Gaussian gauge-invariant sources with radius (r gauss ) of 4.35 for all three quark masses and additionally with Gaussian smearing radius of 8 for the lightest quark mass. The former parameter was previously used for the neutron dipole moments calculation on the m sea = 0.03 and 0.04 ensembles [58] . The latter is a better size for overlap with the ground state of the nucleon. For details of our source definition see Ref. [58] . We use only unitary valence quark mass values, m valence = m sea = m f , when computing quark propagators. We use two different sequential sources generated with source-sink locations, [t src , t sink ] = [0, 10] and [15, 25] , where the source-sink separation t sep is fixed as 10 lattice units, on a given gauge configuration for all three quark masses with the smaller r gauss . As for the larger r gauss , we use a different choice of source-sink separation, t sep = 12. The longer separation causes the larger statistical noise. Therefore, we use three sources placed at [t src , t sink ] = [0, 12], [9, 21] and [18, 30] to increase the statistics. Later, we will discuss the possibility of excitedstate contaminations in our calculations by comparing results obtained from two sets of parameters, {t sep , r gauss }, on the lightest quark ensemble. The parameter values and the number of configurations used from each ensemble are summarized in Table I . We also compile some basic physics results from Ref. [57] in the same table.
We define our nucleon two-point functions with a nucleon interpolation field χ and smearing parameters A and B as follows:
with normalized states defined as
and spinors satisfying
where
The ellipsis in Eq. (9) denotes excited-state contributions, which can be ignored in the case of t ≫ 1.
We often use the projector P + = 1 + γ t 2 to the positive-parity states,
These two-point functions provide appropriate normalization factors when we extract matrix elements from three-point correlation functions, as well as estimates for the nucleon mass.
Now we define the three-point functions:
The operator Σ µ is appropriately selected for each observable of interest discussed in the following subsections.
We calculate the nucleon isovector form factors and some low moments of structure functions, namely the isovector vector (g V ), induced tensor (g T ), isovector axial (g A ), and induced pseudoscalar (g P ), form factors at [57] 0.493(5) 0.607(4) 0.695(4) mN (GeV) [57] 1.28(2) 1.43(2) 1.55(2) Fπ (GeV) [57] 0.1141(7) 0.1232(7) 0.1329 (7) both zero and finite momentum transfer, and structure function moments corresponding to the momentum fraction x u−d , helicity fraction x ∆u−∆d , a twist-3 moment d 1 , and transversity 1 δu−δd . The respective choice of the lattice operators for these observables are the same as in earlier RBC reports [4, 6, 36, 59 ] on quenched calculations, and are briefly summarized in what follows.
Before we move on to discuss the operator choices for our observables of interest, we would like to briefly explain our different choice of source-sink separation, t sep , and Gaussian smearing radius, r gauss , for the lightest quark mass ensemble (see [43, 49, 60] for the earlier calculations). We started our calculation by setting t sep = 10 time units and the Gaussian source smearing radius to 4.35, parameters previously used for the neutron dipole moments calculation on the m f = 0.03 and 0.04 ensembles [58] . Although the new results of the Gaussian source in the heaver quark-mass region agree with the heavier quark-mass points of the box source, for the same calculation with m f = 0.02, we find a significant decrease in the axial charge compared to our previous box-source calculation, which used a separation of 12 time units as shown in Fig. 1 . This discrepancy prompted us to examine whether there is a systematic error due to excited-state contamination in the new results.
The effective masses plotted in Fig. 2 show that the Gaussian source with smearing radius 4.35 has a ground state plateau that begins at t − t src = 7 or 8 (top figure), while the box source appears to plateau sooner (bottom figure) . Thus one may suspect that excited-state contamination accounts for the effect observed in Fig. 1 . Since the major difference between the two calculations is the source type and separation, we extend the sourcesink separation to t sep = 12 for the Gaussian source (the same as in the previous box-source calculation) and also increase its radius to 8 in order to reduce excited-state contamination. Indeed, the Gaussian source with radius 8 provides similar quality of plateau in the effective mass plot, as shown in the middle panel of Fig. 2 . However, as shown in Fig. 1 , the resulting g A /g V with the second parameter set {t sep , r gauss } = {12, 8} is consistent with that of the first one {10, 4.35} rather than the previous result of the box source. So, the discrepancy between the results is probably not caused by excited-state contamination.
As we mentioned before, to reduce statistical fluctuations, we use multiple sources in the present studies. This is another difference from the previous calculation, where only a single source was utilized. To make this point clear, we show the dependence of bare g V and g A on the location of the current insertion t for each choice of the source location in Fig. 3 . In the top panels, all calculations of the bare g V show clear plateaus between source and sink locations. Although the slight dependence on the source location may be observed among the three sources in the {t sep , r gauss } = {12, 8} case, all the values of these plateaus agree with one another within the statistical errors. We see no evidence of excited-state contamination in the bare g V .
On the other hand, for the bare g A (bottom panels), both the results obtained from box and Gaussian sources with t sep = 12 exhibit larger fluctuations and less clear plateaus, while two consistent plateaus clearly appear in the cases of t sep = 10. This indicates that the larger separation causes the larger fluctuations, since the absolute values of three-point functions are exponentially suppressed as a function of t sep . Indeed, the t sep = 12 Gaussian source results obtained from a single source-sink location [t src , t sink ] = [9, 21] agree with those of the box source due to the large statistical errors, while the average from all three sources for {t sep , r gauss } = {12, 8} provides good agreement with the results of {t sep , r gauss } = {10, 4.35}.
In this context, the lower value of the bare g A obtained from the present studies is more statistically significant, since the box source results have been obtained only for a single source. Although a systematic error from excited-state contaminations in the result of {t sep , r gauss } = {10, 4.35} might be hidden, owing to the large fluctuations in that of {t sep , r gauss } = {12, 8}, we may choose to live with the former for the final result. This is mainly because the finite momentum calculation suffers much from such large fluctuations. We obtain results for the form factors only from the case of t sep = 10. 
A. Form factors
For numerical convenience, we redefine the form factors as dimensionless quantities. Thus, the isovector vector current in Eq. (1) is rewritten as
2m N u n (14) in terms of the dimensionless vector G V and inducedtensor G T form factors. Here the Σ µ in Eq. (13) is
2mN . Likewise the isovector axial current in Eq. (1) is rewritten as
2m N u n (15) with the dimensionless axial G A and inducedpseudoscalar G P form factors. Note that the latter is normalized with twice the nucleon mass 2m N unlike in some muon-capture literature where it is normalized with the muon mass m µ . This is for numerical convenience in this paper, where the nucleon mass calculated on the lattice is heavier than its physical value. Here the Σ µ in Eq. (13) 
The right-hand sides of the above two equations have the most general form consistent with Lorentz covariance. The momentum transfer q = p n − p p becomes very small in the forward limit, because of the small mass difference between the neutron and proton.
We use two projection operators to help us extract the momentum dependence of the form factor:
Tr(PG µ,AB (t snk , t; p src , p snk )),
where we choose P = P Az = P + γ 5 γ z for both axial and vector currents and P = P + for vector current. We combine three-and two-point functions to remove time dependence and redundant source or sink normalization (z) factors [41] :
LG (t, t snk , p src )Γ 
LG (t src , t snk , p snk ) Γ LG (t, t snk , p snk )Γ 
LG (t src , t snk , p src )
where L denotes a local (point) source or sink and G stands for a Gaussian-smeared one. In this work, we fix the sink momentum to zero. Therefore, in the axialcurrent case, Eq. (17) gives
with i ∈ {x, y, z} for corresponding insertion of operator A i . In the vector current case, we use the projection operator P + on V 4 and P Az on V 1 and V 2 to extract G V and induced G T ; the necessary equations are respectively One can in principle solve for
, and G T (q 2 ) with overconstrained data for each q 2 .
B. Moments of structure functions
Of the moments of the structure functions summarized in Eq. (8), we calculate those which do not require finite momentum transfer: the quark momentum fraction x q , helicity fraction x ∆q , transversity 1 δq and the twist-3 moment d 1 . Of these we calculate the isovector contribution for the former three: q = u − d. This simplifies their renormalization as the flavor-singlet contribution drops out. Thus we fully nonperturbatively renormalize these three so the results are compared with the experiments under an assumption of good isospin symmetry. On the other hand we do not renormalize the twist-3 moment: here our interest is to look at its individual up and down components to see if the Wandzura-Wilczek relation [61] holds. Our choice of operators (Σ µ in Eq. (13)) for the three-point functions follow an earlier RBC paper [36] and are summarized in Table II .
C. Nonperturbative renormalization
In order to compare our calculation with the experimental values, we need to establish the proper connection to the continuum through renormalization. Fortunately, the well-preserved chiral and flavor symmetries of the domain-wall fermions (DWF) make this task much easier than in the cases of more conventional fermions [62, 63, 64, 65] .
For the form factors, the chiral symmetry of DWF assures the isovector vector and axial local currents which are used in the present calculation share a common renormalization: Z V = Z A , up to higher order discretization errors, O(a 2 ). Further, since the vector current is conserved, the vector renormalization is calculated from the vector charge, g V , as Z V = 1/g V . These will be demonstrated in the numerical results section. Note the induced tensor and pseudoscalar form factors share this common TABLE II: Operators used in our structure-function moments calculations, including the notation for the operator, the explicit operator form, the hypercubic group representation, the correlator ratios and the projection operators used in the numerical nonperturbative renormalization in Eq. (26) .
correlator ratio
renormalization as well and do not require any additional calculation for renormalization. For structure function moments, we follow Ref. [66] and implement the regularization-independent momentum-subtraction (RI/MOM) scheme to nonperturbatively renormalize the operators. This was first applied to structure functions by Gimenez et al. [67] . The procedure may be described as follows. First, the Fourier transform of the Green function with our operator of interest is constructed:
where [34] for the firstmoment operator renormalization. In the lattice calculation, we need to produce Fourier-transformed pointsource S(pa; 0) and point-split-source D µ S(pa; 0) propagators,
to construct the Green function in Eq. (22) . In this work, we use momenta (p x , p y , p z , p t ) ranging from (0, 0, 0, 0) to (2, 2, 3, 5) in units of 2π/L. The next step is to truncate the external legs from the Green function:
where Z RI is obtained after the projection
The projection operators for various structure function operators are listed in Table II . Note that µ must fall inside the renormalization window Λ QCD ≪ µ ≪ 1/a. The following steps allow us to convert the renormalization constants into the continuum MS scheme at 2 GeV. See Appendix 1 for specific details on the strong-coupling scheme-matching coefficients, RGI running equation and anomalous dimensions for various operators.
1. Obtain Z RI (µ): The ratio of Z OΓ (µ; a)/Z q (µ; a) to Z A /Z q (µ; a) is computed and yields Z OΓ (µ; a)/Z A . Each of the factors in the ratio is first exptrapolated to the chiral limit, m f = −m res , at fixed momentum. Using Z V = 1/g V , we can determine Z OΓ (µ; a) in Eq. (26), the renormalization constant in the RI scheme, which we denote as Z RI . (See the lightlyfilled circles in Fig. 4.) 
Convert to MS scheme:
We are interested in continuum quantities, mostly calculated in the MS scheme. The conversion factors between RI and MS schemes for the operators discussed here have been calculated in Refs. [68, 69] . To get Z MS (µ), we use the threeloop α s (µ) running coupling constants defined in Ref. [63] with Λ(n f = 2) = 300 MeV [70] .
Remove (ap)
2 lattice artifacts: To remove O((ap)
2 ) errors that might mimic continuum scale dependence, we first divide out the continuum running factor. The resulting renormalization factors should be scale-independent, so any remaining (ap) 2 dependence must be a lattice arti- 
Running to 2 GeV:
Finally, we use the RGI formula to obtain Z MS (2 GeV). −mres 1.28(7) 1.23(7) 0.776 (14) tion constants will be applied in Section III C.
III. NUMERICAL RESULTS

A. Vector and axial charge
The isovector vector and axial charges, g V and g A , are defined as the zero-momentum-transfer limits of the corresponding form factors, G V (q 2 ) and G A (q 2 ). Because of chiral symmetry, a Takahashi-Ward identity ensures that the two currents, which are related by chiral transformation, share a common renormalization:
. Since the vector current is conserved, its renormalization is easily obtained as the inverse of the vector charge g V = G V (q 2 = 0). Thus, by calculating the ratio of the threepoint functions for g A /g V , we get the renormalized axial charge, (g A )
ren [4] . Let us first discuss the vector charge. We note, however, that since the vector charge is conserved, it can not provide a transition matrix element from one state to another, in particular from any excited state to the ground state. Thus the precocious plateau does not necessarily mean that excited state contamination is absent in the signal after one time unit. As mentioned earlier, to avoid excited-state contributions at the lightest quark mass, we have lengthened the source-sink separation to 12 time units and used a larger smearing radius for the Gaussiansmeared source and sink. From the fitting ranges of 3-9 for t sep = 12 and 3-7 for t sep = 10 (see also Fig. 5 ), we obtain the plot in Fig. 6 . This figure shows that larger fluctuations appear in the case of the longer time separation. By linearly extrapolating three points of t sep = 10 to zero quark mass, we obtain an estimate of g V = 1.308 (9) and Z V = 0.764 (5) . The resulting value agrees reasonably well with the value of Z A = 0.75734 (55) found in Ref. [57] , which was determined from the ratio of twopoint meson correlation functions. Thus we conclude that excited state contamination in our value of g V is negligible.
In Fig. 7 we present the raw results for the bare axial charge. After taking an average of all sources, the a plateau emerges, even in the case of t sep = 12 (top figure), albeit with larger statistical errors. As can be seen from this figure, the plateaus settle in after about three time slices for both t sep cases at the lightest quark mass. This indicates that excited-state contamination is negligible compared to the statistical error. Corresponding renormalized values are obtained from the ratio of correlation functions, and are presented in Fig. 8 . As expected, we also find that plateaus settle in after about three time slices for all cases. By using the fitting ranges shown in this figure, we obtain the values in Table IV and Fig. 9 .
We observe that our axial charge value at the lightest quark mass deviates significantly from the heavier quark mass points. This deviation causes the linear extrapolation to the physical point to deviate from experiment by more than five standard deviations. (The obtained value is given as g A /g V = 0.89 (6) χ 2 /dof = 11.3) Omitting the lightest mass point, a constrained linear fit gives g A /g V = 1.23 (12) at the physical point, in good agreement with experiment. As mentioned in Section II, our physical volume is about (1.9 fm) 3 . In light of our previous quenched calculation [4] where we saw that a small volume resulted in a small axial charge, one may worry that a similar finite-volume effect occurs here.
Since our quenched calculation [4] was published, a way to interpret the finite-volume effect has been proposed by Beane and Savage [71] within the small scale expansion (SSE) scheme [72] , which is one possible extension of HBChPT with explicit ∆ degrees of freedom. The SSE scheme can provide milder quark-mass dependence for the axial charge, which seems to be consistent with lattice results, while either leading order (LO) or nextto-leading order (NLO) HBChPT shows strong quarkmass dependence in the vicinity of the chiral limit [73] . There is a caveat that we have to arbitrarily fix at least one of the four parameters in SSE. However, if one considers only the finite-volume correction δg A (which is g A (L) − g A (L = ∞)) within this model, δg A depends only on two phenomenological parameters, the N -∆ coupling (c A ) and ∆-∆ coupling (g 1 )
1 , which can be barely fixed. Furthermore, if the N -∆ coupling is set to zero, the Beane-Savage formula for the finite-volume correction to g A reduces to that of HBChPT at leading order. In the original paper [71] , δg A is predicted to be positive. This remains true in the case of c A = 0, where SSE reduces to LO HBChPT. In this sense, this formula fails to account for the negative δg A observed in the quenched DWF calculation.
In Ref. [74] , a finite-volume study of g A has been done with n f = 2 dynamical clover simulations. They also observe negative δg A in both quenched and dynamical simulations. Although their lattice data points are outside of the range of applicability of SSE (or LO HBChPT), they can fit their data using the SSE formula for g A with 
FIG. 7:
The bare axial charge as in Fig. 5 the finite-volume corrections, which should be negative. They insisted that the parameters adopted in the BeaneSavage paper do not fully reflect decoupling constraints, which are guaranteed to reduce SSE to LO HBChPT when c A = 0. Indeed, their adopted parameter set yields δg A < 0. Apart from the concept of SSE, this suggests that the sign of δg A predicted from SSE is very sensitive to adopted parameters. We find that the choice of c A strongly affects the sign of δg A , as shown in Fig. 10 . We fix the chiral limit value of the axial charge g A , the pion decay constant F π and the N -∆ mass splitting ∆ 0 to their physical values and set g 1 = 3.0 as in Ref [71] . We also set L = 1.9 fm. We vary the remaining parameter of the N -∆ coupling c A from 0 to 1.5. Here, we recall that c A = 1.5 is adopted in Ref. [74] , while c A = 1 in Ref. [71] . The predicted correction at our simulation point, less than 5%, is negligible. Furthermore, the sign of δg A seems to be positive, against our expectation. Therefore, the finite-volume correction from SSE can not account for our data either qualitatively or quantitatively. Again, it is likely that the heavy quark masses in our simulation do not allow use of such formulae. We will come back to this finite-volume question when we discuss the momentum dependence of the form factors and quark momentum and helicity fractions.
B. Momentum dependence of form factors
As described in the previous subsection, data sets with {t sep , r gauss } = {10, 4.35} do not seem to suffer from excited-state contamination. Therefore, we focus on those data sets for analysis of the form factors at finite momentum transfer in this subsection.
Vector current
Under the present assumption of exact isospin symmetry that ignores strange quark contribution, a straightforward exercise in SU(2) Lie algebra leads to the following well known relations between the weak vector-current matrix elements in neutron beta decay and the isovector part of the nucleon electromagnetic current matrix ele- ments:
This relates the weak vector and induced tensor form factors with the isovector part of the nucleon electromagnetic form factors:
These are respectively are called the Dirac and Pauli form factors. They are related to the more conventional Sachs electric G E and magnetic G M form factors:
As such we can compare our lattice results computed at finite momentum transfer with the experiments. The easiest quantity for such a comparison is the charge radius, which is conventionally defined as r 2 = −6dF 1 /dq 2 . The proton mean-squared charge radius is known experimentally [5] as 0.7656(119) fm 2 and the neutron, -0.1161 (22) , resulting in an estimate of 0.636(12) fm 2 for the mean-squared "Dirac" radius of the nucleon. (For details, see Appendix A of Ref [6] ).
The raw results from the lattice are presented in Fig. 11 . From these we extract the values of the Dirac isovector form factor, normalized by the value at q 2 = 0, as listed in Table V . In Fig. 12 , we plot all three m f results for G V (q 2 ) as a function of Euclidean fourmomentum squared together with the dipole form of (1 + q 2 /M 2 ) −2 with the empirical value of the isovector Dirac dipole mass M = 0.857(8) GeV, which is evaluated from the electric charge and magnetization radii of the proton and neutron. Different symbols represent the values obtained from different quark masses. As can be seen, there is no large quark-mass dependence. Our calculation points are located far from the empirical curve.
The slope of the form factor at q 2 = 0 determines the mean-squared radius, which can be related to the corresponding dipole mass M as r 2 = 12/M 2 . To extract the mean-squared radius from our data, we simply adopt the dipole form for fitting three lower q 2 points including the q 2 = 0 value. The fitted values of the Dirac dipole mass M V and corresponding mean-squared Dirac radii r 2 V are listed in Table VI . We show the quark-mass dependence of measured mean square Dirac radius in Fig. 13 . Although it is difficult to extrapolate the lattice estimates at the three heavy pion masses to the physical pion mass, the mild m f dependence in our observed range of m 2 π allows us to perform a simple linear extrapolation. Then we obtain the mean-squared radius of the vector form factor at the physical point: r However, it is well known that this particular quantity, as well as the pion charge radius, has a logarithmic divergence in heavy baryon chiral perturbation theory (HBChPT) as one approaches the chiral limit [75] . The dotted curve plotted in Fig. 13 , is the expected quark-mass dependence of r logarithmic divergence, near the physical point is predicted by HBChPT at leading order. This may account for the smaller values of our measured mean-squared radius, which are calculated in the heavy quark mass region (m π > 0.49 GeV).
Thus, we may expect that there is non-linear behavior in terms of m 2 π in the vicinity of the physical point. This expectation may look like somewhat contradictory to what we argue for g A with HBChPT and SSE. However, we recall that the logarithmic divergence can not be cured by higher-order corrections, whereas the strong quark-mass dependence of g A , which simultaneously implies slower convergence of the chiral expansion, should be modified by higher-order corrections. Indeed, both the one-loop effective field theory approach with explicit ∆ degrees of freedom (SSE) [73] and two loop HBChPT calculation [76] present flat quark-mass dependence at least down to m π ∼ 0.3 GeV. To observe this, we have to at least push the pion mass down to 0.3 GeV, which is approximately the location of the intersection between the LO HBChPT curve and the extrapolated line obtained from our three data points in Fig. 13 . We leave this issue to future calculations.
Next, we extract the induced-tensor (Pauli) form fac-tor, G T , from the vector current; the raw data is listed in Table V, and an example [6] . The heaviest two pion mass points are almost degenerate, as was the case with the Dirac form factor. However, the data from lightest pion mass here is closer to the experimental values. Again, this could either be interpreted as a trend toward the experimental values with decreasing pion mass or merely finite-volume effects.
Furthermore, we fit our G ren T (q 2 ) to the dipole form to extract the Pauli mean squared radius, which is related to the corresponding dipole mass M T by r 2 T = 12/M 2 T . In contrast to the dipole fit on G V (q 2 ), it is a two-parameter fit since we do not have data on the value of G ren T (q 2 ) at q 2 = 0 without the q 2 extrapolation. Here, the value of the G ren T (0) is associated with the difference between the proton and neutron magnetic moments µ p − µ n = 1+F 2 (0). The fitted results are summarized in Table VII. Here we perform the dipole fit with the two lower q 2 points. In Fig. 16 , we plot values of r 2 T and F 2 (0) as a functions of pion mass squared along with a naive linear extrapolation to the physical pion mass. In the upper panel of Fig. 16 , we linearly extrapolate through all three points, finding r 2 T = 0.17 (11) fm 2 . This is much smaller than the experimental measurement, 0.773(32) fm 2 , and similar to what we observed for the Dirac mean-squared radius. Lighter pions in future measurements would be desirable to see whether there is an increase in radius as we approach the physical pion mass.
In the lower panel of Fig. 16 , although the value measured at the heaviest point is close to the experimental value, the extrapolated value of F 2 (0) at the physical point also tends to somewhat underestimate the experimental value. However, we recall that the value of F 2 (0) is highly dependent on our adopted fitting form. For example, a monopole fit yields a larger F 2 (0) which lies closer to the experimental value. Therefore, our estimation of F 2 (0) should carry a large systematic uncertainty due to the q 2 extrapolation. We also have an alternative way to evaluate F 2 (0) = µ p − µ n − 1. The ratio of the isovector magnetic form factor G v M (q 2 ) and the isovector electric form factor G v E (q 2 ) provides the difference between the proton and neutron magnetic moments in the forward limit,
, which is related to 1 + F 2 (0). Experimentally, it is known that this ratio shows no q 2 dependence at low q 2 since both form factors are well fitted by the dipole form with the comparable dipole masses. Therefore, this ratio may have milder q 2 dependence than G ren T (q 2 ) [6] . Some RBC results on related ratios for the heavier quark masses were reported in Ref. [58] .
In Fig. 17 , we show the q 2 dependence of the ratio
, which clearly exhibits mild dependence. We therefore use a simple linear fitting form with respect to q 2 for an alternative evaluation of the value µ p − µ n . In Fig. 18 , we plot values of µ p − µ n , from two determinations, 1 + F 2 (0) and (7), which gives the better agreement with the experimental value. We may quote this value for our final value of µ p − µ n , since the latter approach appears to have smaller systematic error in the q 2 -extrapolation.
Axial-vector current
In Fig. 19 we present the raw data for the axial form factor at finite momentum transfer. These allow us to ex- tract the momentum-transfer dependence of the form factor as listed in Table V and plotted in the top of Fig. 20 . The axial form factor is phenomenologically fitted with the dipole form, at least at low q 2 ; so are the Dirac and Pauli form factors [21] . The dashed curve in the top of Fig. 20 shows the dipole form with an experimental value of the axial dipole mass M A = 1.026(21) GeV [21] . Our lattice data lie above the experimental curve. Notice that the likely finite volume effect observed earlier for the axial charge leads to the non-monotonic behavior of the form factor with quark mass, and leads to the downward curvature of the mean-square axial radius.
To extract the mean-squared radius of the axial vector form factor, we perform the dipole fit to the three lowest q 2 points and convert the axial dipole mass M A into the mean-squared axial radius r (7) 0.158(11) 0.04 1.90 (7) 0.129(9) Expt. 1.026(21) 0.444 (19) listed in Table VIII and the bottom of Fig. 20 . We also plot the mean-squared axial radius as a function of the pion mass squared. As can be seen, the value of r 2 A at the lightest pion mass shows a large reduction beyond statistical fluctuations. This large reduction in the axial radius suggests finite-volume effects could be significant at the lightest quark mass.
There is renewed interest in the pseudoscalar form factor, G P (q 2 ), due to the recent MuCap Collaboration [20] high-precision experiment studying ordinary muon capture by protons, µ − p → ν µ n, and because of improved electroweak radiative correction calculations [77] that allow precise extraction of the form factor from these experiments. Using the new MuCap results, a value of g P = mµ 2mN G P (0.88m 2 µ ) = 7.3±1.1 is found [20, 77] which, using PCAC and chiral perturbation theory, is now in good agreement with QCD, g P = 8.26 ± 0.12 [21] . Earlier, a TRIUMF group obtained a value of 12.4 ± 1.0 [23] . Clark et al. [78] got g P = 10.6 ± 1.1 after reanalyzing the TRIUMF data. Including the new MuCap result, the "world average" is 8.7 ± 1.0 [77] .
The induced pseudoscalar form factor G P is obtained from Eq. (18) , and is shown in Fig. 21 . This allows us to extract its momentum dependence which is listed in Table V and plotted in Fig. 22 . As is noted in the previous section, we use a dimensionless definition for this, as well as the other three form factors, and use twice the nucleon mass 2m N estimated for each ensemble of configurations. This is different from some experimental analyses where the muon mass is used for normalization. Momentum-transfer dependence of the pseudoscalar form factor G P (q 2 ) has so far only been studied by one pion electroproduction experiment at Saclay in 1993 [79] with range below 0.2 GeV 2 . Fig. 22 shows the q 2 dependence of the ratio of the induced pseudoscalar to axial form factors,
. Though our lattice momenta transfer are much higher than experimentally explored values, they trend upward toward the experiments.
Another topic regarding the induced pseudoscalar form factor is its relation with the axial form factor through the PCAC relation and pion-pole dominance (PPD) model [80] :
To see how the pion-pole behavior is preserved in mea- sured G P (q 2 ), we consider the following ratio:
which is inspired by the above PCAC prediction. If the measured G P (q 2 ) has exactly the same form described in Eq. (32), this ratio yields unity in the entire q 2 region. In Fig. 23 , we plot the above ratio as a function of fourmomentum squared q 2 . There is no appreciable q 2 dependence. Thus, the q 2 dependence of the PPD model approximately accounts for that of measured G P (q 2 ). Four different q 2 points of the ratio α PPD reveal a q 2 independent plateau within the statistical errors. We simply take the weighted average of α PPD within four measured q 2 points, then plot them against the pion mass squared.
As shown in Fig. 24 , the average values of α PPD gradually approach unity as the pion mass decreases. A simple linear extrapolation of the quenching factor α PPD to the chiral limit yields 0.85 (8) , which is only about 2 standard deviations away from the theoretical expectation. One can obtain g P with input from α PPD :
where q (12) respectively from naive linear fit using two heavier pion mass points. We found g P = 7.68 ± 1.03 (35) with statistical error evaluated by jackknife analysis. This is consistent with the "world average" value of 8.7 ± 1.0 [77] . The pseudoscalar form factor G P is related to the pion-nucleon coupling, g πN N , through the Goldberger-Treiman relation [81] :
At zero momentum transfer, the relation reduces to the following form:
Testing the relation experimentally in this zeromomentum form is a little tricky because the value of the pion-nucleon coupling, g πN N , is not known at zero momentum transfer, but at the pion pole. Worse, the pion-pole value of the coupling varies from analysis to analysis. A conventional partial-wave analysis of the pion-nucleon elastic scattering data to 2 GeV provides 13.75±0.15 [82] while a more recent reanalysis in Ref. [83] gives g πN N = 13.169 ± 0.057. Substituting the latter, we find there is a slight discrepancy from the GoldbergerTreiman relation at zero momentum transfer, ∆ GT , [84] defined as
which is (2.259 ± 0.591)% if we use the mean nucleon mass m N = 938.9 MeV.
Testing the relation at finite momenta transfer is more difficult, as the pion-nucleon coupling is even more poorly known from experiment. Thus it is useful to extract the pion-nucleon coupling, g πN N , from our lattice data:
See Fig. 25 for g πN N compared with the experimental estimates at the pion pole such as 13.75 ± 0.15 or 13.169 ± 0.057 in the above. Now let us examine the Goldberger-Treiman relation by looking at the discrepancy ∆ GT (q 2 ) defined by the lattice quantities as follows:
; (40) see Fig. 26 for the value of ∆ GT (q 2 ). Note again that we are using the pion-nucleon coupling value determined at zero-momentum transfer, and cannot account for its variation at finite momentum transfer. From our data for the two heavier quark mass values, we observe the discrepancy is strongly dependent on the momentum transfer beyond about q 2 ≈ 0.5 GeV 2 . This suggests the pionnucleon coupling at such high momentum transfer values is very much different from the low momentum-transfer region. Note our pion mass squared is roughly m 2 π = 0.25, 0.36 and 0.49 GeV 2 , or below the lowest q 2 in the plot, and the physical pion mass is even lower. Thus our data also suggest the Goldberger-Treiman relation holds at low momentum transfer, q 2 ≤ 0.5 GeV 2 . In that region the lightest quark mass result is in broad agreement with the heavier masses, albeit with large statistical error. It is desirable to investigate this further at lower momentum transfer.
C. Momentum and helicity fractions
Let us now turn our attention from the elastic form factors to the deep inelastic structure functions. As is well known and has been summarized in the introduction, what are calculable on the lattice in regard to the structure functions are their low-order moments. In this work we limit ourselves to the lowest order non-trivial moments that are calculable with zero momentum transfer. As in previous RBC reports, the operator renormalizations at the chiral limit are obtained nonperturbatively using the RI/MOM scheme as described in Sec. II C.
We first discuss the quark momentum fraction, x u−d , or the first moment of the unpolarized structure function. The bare lattice three-point correlators are shown in Fig. 27 and listed in Table IX . The results for t sep = 12 and t sep = 10 at the lightest pion mass differ by about two standard deviations. This may suggest excited state contamination in this quantity, even though its plateau looks very nice and flat over the range 3 ≤ t ≤ 7 for t sep = 10. From the top panel in Fig. 27 , the plateau for t sep = 12 is not so clear or flat, owing to the much larger statistical fluctuations in the data for this larger source-sink separation. However, since it is low on the left and high on the right, the average value is insensitive to the choice of (a symmetric) fit range. In the earlier calculation, using a box source on a single time slice and a source-sink separation of 12 [43, 60] , the momentum fraction was consistent, within large statistical errors, with the t sep = 10 result. In this study, we can not conclude whether this is a true systematic effect or just statistics, especially given the quality of the t sep = 12 plateau.
We show the results for all the measurements but only use the result from t sep = 10 at the lightest pion mass for extrapolation. Similar results would be obtained using the t sep = 12 result at the lightest mass since the larger error on this point does not tightly constrain the fit. Using the fit ranges indicated in the figures and the renormalizations presented in subsection II C, we arrive at the values of x u−d shown in Fig. 28 . Note that there is only small pion-mass dependence; therefore, we use a simple linear fit. The quality of this fit in terms of χ 2 per degree of freedom is reasonable at 0.28. The chiral extrapolated value is x u−d = 0.282 (19) , overshooting the experimental value, 0.154(3) [30, 33, 35] , by five to six standard deviations. Here, the trend of the t sep = 12 data point is suggestive, but again, not conclusive because of the relatively large statistical error.
The quark helicity fraction, x ∆u−∆d , is the first moment of the polarized structure function. The bare threepoint correlator values are shown in Fig. 29 and the values are listed in Table IX . Similar remarks and conclusions about the plateaus for t sep = 10 and 12 as for the momentum fraction hold here as well. The renormalization factors at the chiral limit for the helicity fraction can be found in Sec. II C. Fig. 30 shows the renormalized quantities at each pion mass point. A linear fit to these values [28, 29, 38] by almost four standard deviations. The quality of the fit is poor, as χ 2 per degree of freedom is 6.78. In contrast to the momentum fraction, the result at the light mass deviates from the heavier pion mass points, even at t sep = 10, a situation similar to the deviation observed in the axial charge. This trend is welcome since the experimental value apparently must be approached from above and suggests trying fits different than linear, to which we turn below, after discussing the ratio of the momentum fraction to the helicity fraction.
In an earlier quenched calculation [36] we reported that the ratio of the momentum and helicity fractions, value, 0.78 (2) . The quark mass dependence of this ratio is presented in Fig. 31 . Unlike the quenched case where the ratio is only weakly dependent on the quark mass and is in rough agreement with experiment, there is a noticeable deviation for the lightest pion mass. A naive linear extrapolation gives very poor fit quality, χ 2 /dof = 15.7, and a value at the physical pion mass of 0.93 (7), which is about two standard deviations above the experimental one. This may be due to systematic effects like finite volume, or excited state contamination; the t sep = 12 point is consistent with experiment and shows the weak mass dependence observed in the quenched case.
Since our pion masses are rather heavy (700, 600 and 500 MeV), it is not surprising that the chiral extrapolation to the physical pion mass (140 MeV) sometimes misses the experimental values. Also our heavy pion masses probably invalidate the application of a leadingorder chiral form. The chiral extrapolation should ultimately be studied with more realistic lattice QCD ensembles such as the 2+1-flavor ones being generated jointly by RBC and UKQCD Collaborations [85, 86] , a work which is in progress. Nevertheless, it is a worthwhile exercise to try to extend the extrapolations beyond lin- Fig. 28.) ear forms. We now discuss how some such attempts fair with our data.
We begin with a parametrization by Chen, et al. [87, 88, 89] (the relevant equations are summarized in appendix 2 c.) Their prescription is to fix three parameters, the axial charge g A,exp , pion decay constant F π,exp and the scale µ (set to the pion mass), to their experimental values and fit the coefficients C and e(µ 2 ). The results are summarized in Fig. 32 . The fit yields momentum fraction 0.147(9) after extrapolation, which is consistent with the experimental value. However, the quality of the fit is poor, χ 2 /dof = 2.19; this is caused by a strong downward curvature in the fit form due to log terms. The corresponding helicity fraction extrapolation results in a value of 0.170 (14) , again, consistent with the experimental value. The fit for the helicity fraction, while still poor, is improved over the linear one, with a χ 2 per degree of freedom of 3.57.
Another alternative is to consider the dependence in quantities on the dimensionless ratio m 2 π /F 2 π,lat , as shown in Fig. 33 . Similar analyses have been done before, for example, in Refs. [50, 90] . (Note that F π,lat is replaced by f π,lat (m f )/ √ 2 at each m f to be consistent with the chiral extrapolation formulation used in Refs. [87, 88, 89] .) Since this is a dimensionless quantity, there is no systematic error coming from the lattice scale determination; therefore, it is a good way to find out whether we have control over lattice artifacts.
For the momentum fraction, x u−d , the fit yields an extrapolated value of 0.260 (30) with an acceptable χ 2 /dof = 0.48. That this extrapolation is consistent with the earlier ones indicates no further uncontrollable systematics other than the extrapolation itself. The value is about three standard deviations above experiment. Note the larger error on the extrapolated point is caused by the "re-scaling" of the extrapolation range. Similar conclusions are drawn for the helicity fraction, x ∆u−∆d : the updated extrapolation brings the value to 0.224(41), within two standard deviations of experiment. However, the χ 2 per degree of freedom for this fit is still large at 5.17.
The fit results from the non-linear chiral extrapolations (see Appendix 2 c for more details) are summarized in Fig. 33 . The momentum fraction is 0.171 (19) at the physical point and agrees with experiment within one standard deviation. The fit has an acceptable χ 2 per degree of freedom of 0.85. The helicity fraction extrapolates to 0.163 (28) and is consistent both with the extrapolation in terms of m π and the experimental number. However the fit quality is poor: χ 2 /dof = 4.57. These values are consistent with the earlier fits.
The trial fits and extrapolations are summarized in Table X. In the cases of both the quark momentum and helicity fraction, the extrapolation with the chiral form seems to give us consistent values with the experiments. However, these extrapolations require a 50% drop from the magnitude of our measured points and do not always give the smallest χ 2 /dof. We simply must measure at lower pion masses before such extrapolations can be deemed trustworthy. Also note that the extrapolations in terms of m We emphasize that the data in general is not consistent with a simple linear form, but that it does trend toward experiment as the quark mass is reduced.
D. Transversity
Another interesting quantity regarding the spin structure of the nucleon is its transversity [91, 92] , 1 δq . Here again we have calculated only the isovector quantity. The raw data are shown in Fig. 34 , together with the fit range we use; Table XI in this case the two choices give results that are comfortably consistent. Therefore, we use the value obtained from t sep = 10 for all further analysis and discussion.
Using these fit values and the renormalization at the chiral limit listed in Table III we obtain the quark-mass dependence as shown in Fig. 35 . Similar to the axial charge radius, we observe a significant deviation at the lightest quark mass. We extrapolate linearly and obtain 1 δu−δd = 0.93(6) + 0.37(17)m 2 π with a χ 2 per degree of freedom of 7.3. This translates into a value at the physical point of 0.93 (6) . It will be interesting to compare this result with experiment when the latter becomes available.
E. Twist-3 moment
We also calculated the twist-3 first moment of the polarized structure function, d 1 . The good chiral symmetry of DWF prevents lower-dimensional operators from spoiling the calculation, unlike in calculations with fermion discretizations that violate chiral symmetry, such as Wilson fermions. The calculated bare values are summarized in Fig. 36 and Table XII = −0.0035(13) at the physical pion mass, which is about three standard deviations away from zero, but small compared to the values at non-zero mass. This suggests the Wandzura-Wilczek relation [61] , which need not hold in a confining theory, nevertheless holds in QCD.
IV. CONCLUSION AND OUTLOOK
In this work, we have presented numerical lattice QCD calculations using two degenerate flavors of dynamical (DWF) quarks. We calculated isovector vector, axial, tensor and pseudoscalar form factors and some low-order moments of the unpolarized and polarized structure functions.
We found that the ratio of the axial charge to vector charge, g A /g V , has a significant drop at the lightest pion mass point (about 500 MeV) which may be a sign of finite-volume effect; the heavier pion mass points (around 600 and 700 MeV) are in rough agreement with experiment and show small dependence on the quark mass. A linear extrapolation in pion mass-squared gives 0.89 (6) , which deviates from experiment by more than five standard deviations; leaving out the lightest point gives 1.23 (12) . If the downward trend at the lightest point, away from experiment, is indeed a finite-volume effect, then even m π L ≈ 5 is not large enough for nucleon calculations with dynamical fermions, in contrast to quenched calculations [4] 2 . We studied the momentum-transfer dependence of the Dirac, Pauli, axial and induced pesudoscalar form factors. Using a conventional dipole extrapolation, we found masses M V , M T and M A at each pion mass points that are more than 50% higher than the experimental ones, while the mean-square charge radii, r are far below experiment. Similar effects have been observed in the past dynamical calculations [50] . Most phenomenological studies expect to see a dramatic increase at lower pion mass; although this trend is not observed in our current study, it may be resolved in the future with lighter pion calculations.
The magnetic moments of nucleon were calculated in two different ways: first, directly from extrapolation of the Pauli form factor and second, by looking at the ratio of the isovector electric and magnetic moments G v M (0)/G v E (0) in the forward limit; the latter expression has milder momentum dependence. Using the ratio method, we see decreasing m 2 π dependence, and with a simple linear extrapolation we find µ p − µ n = 3.4(7), roughly consistent with the experimental value.
In studying the axial current form factors, we find that the renormalized axial form factor at finite momenta appears to be in broad agreement with experimental values from neutrino scattering. The Goldberger-Treiman relation appears to hold for low momentum transfer, q 2 ≤ 0.5 GeV 2 . Assuming the relation, we obtain an estimate for the pion-nucleon coupling of g πN N = 15.5(1.4) and g P = mµ 2mN G P (0.88m 2 µ ) = 7.68 ± 1.03, which is consistent with experiment.
For the structure functions, the renormalized values of x u−d and x ∆u−∆d show a trend toward their respective experimental values at the lightest quark mass point in our study. The quark momentum fraction, x u−d (2 GeV), is 0.282 (19) by simple linear chiral ex- trapolation, which overshoots the experimental value by more than three standard deviations. The quark helicity fraction, x ∆u−∆d (2 GeV), is 0.286(25) by simple linear extrapolation, which overshoots the experimental value by almost four standard deviations. The former does not deviate significantly from a linear ansatz when the source-sink separation is set to 10 time slices. When increased to 12, the lightest point lies below the straight line fit, suggesting possible excited state contamination for t sep = 10, and perhaps the desired physical quark mass dependence for t sep = 12. However, the statistics for the larger separation are relatively poor, and definitive conclusions can not be drawn. A similar pattern holds for the helicity fraction, except that at t sep = 10 a non-linear quark mass dependence is already observed. Non-linear fits motivated by chiral perturbation theory were also used to fit the data. Again, these indicated favorable trends in some cases, but definitive results require simulations with lighter quark masses and multiple volumes, work that is now well underway.
We also calculated transversity and twist-3 matrix elements. The transversity renormalized at 2 GeV, 1 δu−δd (2 GeV), is 0. = −0.0035(13) for the twist-3 operator, which is about three standard deviations away from zero, indicating only small breaking of the Wandzura-Wilczek relation [61] .
Unfortunately, even with our dynamical calculations, we cannot resolve the long-standing differences between the predictions of QCD and experimental measurements, in such quantities as the charge radii, and quark momentum and helicity fractions. If both QCD and the relevant experiments are correct, we expect to see a dramatic shift in these values as the constraints of high quark mass, small volume and coarse lattice spacing are lifted. The limitations of the current gauge ensembles do not allow such a study at this stage. However, we are currently studying these quantities with a new series of ensembles produced by the RBC and UKQCD Collaborations [85, 86] . And another ensemble is being generated by these groups and LHPC. They are respectively at a −1 = 1.7 and 2.1 GeV lattice cutoff with up to (2.75 fm) 3 volumes; they feature physical dynamical strange quark mass and two degenerate up and down quarks as light as 1/7 the strange mass. This will give us better control of the systematic errors in a calculation with much lighter pion masses in the valence and the sea sectors; whether we will start to see the curvature suggested by the chiral perturbation theory or other phenomenological models will be very interesting to discover. which the Jefferson Science Associates, LLC operates the Thomas Jefferson National Accelerator Facility.
Chiral extrapolation models
In this appendix, we collect some relevant formulae used in this paper from various models proposed to conduct chiral extrapolations for baryonic observables.
a. Finite-volume correction on gA
The small-scale expansion scheme [72] tries to use explicit degrees of freedom from the pion, nucleon and ∆(1232) resonance, expanding in terms of ∆ 0 , the mass splitting between the N and ∆ in the chiral limit. This splitting is treated as a small parameter, of the order O(ǫ). They define g 0 A and F 0 π as the value of the axial charge g A and the pion decay constant F π in the chiral limit, c A the N ∆ and g 1 the ∆∆ axial coupling constants respectively. We simply abbreviate ∆ 0 , g 0 A and F 0 π as ∆, g A and F 0 π in the following formula. At the leading order O(ǫ 3 ), the finite-volume correction to the nucleon axial charge, g A , was proposed in Ref. [71] within the SSE scheme:
where 
with modified Bessel function of the second kind K α (z). 
where the scale µ should be set by the physical value of the pion mass as µ = 0.139 GeV 3 .
c. Chen, et al.
Chen et al. [87, 88, 89] calculate a chiral perturbation expression in the continuum for the moments of the unpolarized and helicity distributions:
3 A missing factor of 2 in the prefactor of ln m 2 π term, which can be found in Ref. [98] , causes an accidental agreement between this leading one-loop form and lattice data obtained in the heavy quark mass region. 
We use µ = 0.139 MeV and F π,exp = 92.4 MeV in our extrapolation.
There is a variation of this formulation replacing the F π,exp with F π,lat and changing the scale µ to F π,lat . This provides a dimensionless quantity in the extrapolation, which is independent of the scale setting in the lattice calculation.
